ABSTRACT. In this article, a kind of complex smooth representation of a direct product of two locally profinite groups was introduced and two results about such representation were proved.
INTRODUCTION
The complex representation theory of locally profinite groups has been developed in the acceptant manner, since the famous paper [BZ] published. In this text we define a kind of representations of a direct product of two locally profinite groups in this theoretical framework, based on the consideration of the application in the local Howe correspondences. It is originated from Roberts' work [R] , and Gan-Tantono's [GT] , and we refer to these papers for the original ideas and methods.
To simply our introduction, let us take up the notation and conventions of the next section in advance. Let (π,V ) be a smooth representation of a direct product of two locally profinite groups G 1 , G 2 . We only deal with the case that all irreducible smooth representations of G 1 , G 2 , and G 1 × G 2 are admissible. It is not hard to see that there are two canonical projections p 1 : R G 1 ×G 2 (π) −→ R G 1 (π), and p 2 : R G 1 ×G 2 (π) −→ R G 2 (π), with the images R 0 G 1 (π) and R 0 G 2 (π) respectively. We call (π,V ) a theta representation of G 1 × G 2 if both p i are injective and m G 1 ×G 2 (π, Π) ≤ 1, for all Π ∈ Irr(G 1 × G 2 ). One such representation gives, the Howe correspondence in the general sense, between the sets R 0 G 1 (π) and R 0 G 2 (π), grouped in the graph R G 1 ×G 2 (π). Our aim will be to provide some simple results for this kind of representations at the beginning level.
Let H 1 ⊂ G 1 , H 2 ⊂ G 2 be two closed normal subgroups with the isomorphic quotient groups G 1 /H 1 ≃ G 2 /H 2 , under a map γ. Let Γ/H 1 × H 2 be the graph of this map. Suppose that all irreducible smooth representations of G i , H i are admissible, for i = 1, 2. Let (ρ,V ) be a smooth representation of Γ such that its restriction to H 1 × H 2 is a theta representation. Write π = c-Ind 
Theorem 0.2. Suppose that G i /H i is a compact group. Then π is a theta representation of G
The proofs proceed by using the Mackey-Clifford theory about the behaviour of the restriction of irreducible representations of a locally profinite group to its certain invariant subgroups. However we don't touch much about the Hecke algebra theory established in [BD] , [B1] , which perhaps can do much further. We leave it as a question to answer in future.
NOTATION AND CONVENTIONS
We shall follow the notion and conventions of [BZ] and [BH] in the subject of complex representations of locally profinite groups. Let (π,V ) be a representation of a locally profinite group G. Now we look at an element µ G ∈ S * (G) given by µ G , f := µ G/H , f = G/H f (g)µ G/H (g). Let us define the left and right actions of G on itself by ρ G (g 0 )(g) = g 0 g and γ G (g 0 )(g) = gg −1 0 respectively, and extend them conventionally onto the sets S(G) and S * (G). For g 0 ∈ G, f ∈ S(G), we then have
Proof. Let K 1 be an open compact subgroup of G 1 . Let Ω = {g i ∈ G 1 } i∈I be a set of representatives for
. By [BZ, Page 22, Lemma] , there exists a bijection:
i : (c-Ind
∩H 1 for g 1 ∈ Ω and the support of f is a finite set .
Here, i is the restriction of functions from G 1 to Ω. For f ∈ (c-Ind
is an open cover of G/H, so it is clear that the compact set HK/H has finite subcover. In this way, we verify that f | Ω belongs to the above set K 1 .
Next, for f ∈ K 1 , we define a function
We may and do take an open compact subgroups
We also need to discuss the other g ∈ Ω besides those g i . For this purpose let us consider a smaller subgroup
1 Kk 1 . Note that K, K 1 both are subgroups of E 1 . By Lemma 2.9 (2), we know that
By the above discussion, the canonical restriction from Res
This completes the proof.
THE PROJECTIVE REPRESENTATIONS OF LOCALLY PROFINITE GROUPS
In this section, we give some basic results about smooth projective representations of locally profinite groups. Our main references are [CR] and [BH] . Let G be a locally profinite group with the identity element 1 G . 
Definition 3.1. A smooth projective representation
Proof. Let us check the last statement of Part (2). For any 0 w ∈ V , there is an open compact subgroup K w ⊆ K v , and a continuous map χ w : For a compact open subgroup K of G, we let X K denote the set of all continuous maps from K to C × , and for 
for g ∈ G, v ∈ V 1 , and a continuous map µ :
By observation, Hom G (π 1 , π 2 ) = 0, unless the two 2-cocycles related to (π 1 ,V 1 ) and (π 2 ,V 2 ) represent the same class in H 2 (G, C × ). We call (π 1 ,V 1 ) a subrepresentation of (π 2 ,V 2 ) if there exists a nontrivial injective morphism in Hom G (V 1 ,V 2 ). If (π 1 ,V 1 ) has no nonzero proper subrepresentation, we say (π 1 ,V 1 ) irreducible. Two projective irreducible smooth representations (π 1 ,V 1 ), (π 2 ,V 2 ) of G are isomorphic, denoted by π 1 ≃ π 2 , if there exists a bijective C-linear map in Hom G (π 1 , π 2 ) (its inverse is also a G-morphism.). Schur's Lemma(see [BH, Page 21] ) tells us that
The following result is analogue of Corollary 2 in [BH, Page 16] .
Proof. If V K,χ 0, then the result arises from Corollary 3.4, and [BH, Page 16, Corollary 2 ] . If
As a consequence of Lemma 2.9, we may and do assume that K v is a normal subgroup of K, so that K/K v is a finite group. The restriction of (π,V ) to K gives a smooth projective representation of K, which is isomorphic to another one defined by k −→ π(k)χ(k) −1 , denoted by (π χ , K,V ). According to the above discussion, the restriction of π χ to K v is a real representation, and its
This proves the last case.
Keep the notations. As usual, we define the contragredient projective representation of (π,V ) by (π,V ), wherě
. One says that (π,V ) is admissible if the space V K,χ is finite-dimensional for any open compact subgroup K of G, and χ ∈ X K . In this situation, by Lemma 3.5, one has Lemma 3.6.
(
We also present another result for later use.
Proof. If the associated classes of (π 1 ,V 1 ) and (π 2 ,V 2 ) are not the same, then both sides vanish. Otherwise the bijection f ←→ g is well determined by
THE QUOTIENT OF A SMOOTH REPRESENTATION
In this section, we will let G be a locally profinite group, and let (ρ,V ) be a smooth representation of G.
Proof. See [BZ, Page 16, Lemma] . Proof. Assume that V is generated by the elements
Proposition 4.2. Let H be a closed subgroup of G. (1) If H is also open, and (σ ,U ) is a finitely generated smooth representation of H, then c-Ind

G H σ is finitely generated. (2) If H\G is compact, and (π,V ) is a finitely generated smooth representation of G, then Res
which is determined by its values at the points v 1 , · · · , v n . We choose an open compact subgroup K of G fixing all the vectors v 1 , · · · , v n ; then f (v i ) must take the value in W K for every i. Under the admissible assumption, the vector space
Lemma 4.5. Under the above situation, let (π,W ) ∈ R G (ρ), and suppose m G (ρ, π) = m < ∞. Then V π is a H(G)-module of finite length with the Jordan-Holder set {π}.
ker f i , and the result is proved.
THE REPRESENTATIONS OF FINITE-DIMENSIONAL QUOTIENT
In this section, we will let F be a non-archimedean local field with finite residue field, G a connected reductive group over F. Denote by G = G(F) the F-points of G. Let P be a parabolic F-subgroup of G admitting a F-Levi decomposition P = MN (here M is a connected reductive F-group and N is the unipotent radical of P). Following Bernstein we write P for the parabolic subgroup opposite to P with the Levi decomposition P = M N. Denote by (1) The G-module V has finite length.
(2) π is admissible and finitely generated. The following unexpected theorem is due to Bernstein.
Lemma 5.6. If (π,V ) is a smooth representation of finite-dimensional quotient of G, and (ρ,W ) is a smooth representation of G of finite length, then m G (π, ρ) < ∞.
applying the left exact functor Hom G (V, −) on it we obtain
Lemma 5.7. Under the conditions of above Lemma, for 
THE QUOTIENT OF SMOOTH REPRESENTATIONS
We will let G 1 , G 2 be two locally profinite groups, and let (π, S) be a smooth representation of G 1 × G 2 . We are interested in the relationship of the sets
First of all, let us recall two technical lemmas proved by Waldspurger in [MVW, .
Passaging to the C-linear dual of π ′ 2 , we get the following isomorphisms of G 2 -modules:
. Moreover considering their G 2 -smooth parts, we get
In this way, we can see that (π ′ 2 ) ∨ is more easy to approach than π ′ 2 itself. Now let us finish this section by proving another statement in [R] about the quotient of the smooth representation
Lemma 6.3. Follow the above notations, and suppose that
(1) Let A be a basis of the vector space V 2 . For an element e ∈ V 2 , we will denote the canonical projection
by p e . For f ∈ Hom G 1 ×G 2 S,V 1 ⊗V 2 , the composing map p e • f belongs to Hom G 1 (S,V 1 ). Clearly ∩ e∈A ker(p e • f ) = ker( f ). It follows that
Hence by definition every map f ∈ Hom G 1 ×G 2 (S,V 1 ⊗V 2 ) needs to factor through S π 1 −→ V 1 ⊗V 2 .
(2) The isomorphism is given by ϕ −→ 1 ⊗ ϕ. This map is well-defined and injective. It suffices to check the surjection. Let 0 ϕ ′ ∈ Hom G 1 ×G 2 (V 1 ⊗V ′ 2 ,V 1 ⊗V 2 ) and 0 e ′ 2 ∈ V ′ 2 . Let A = {e i } i∈I be a basis of V 2 and V 2,i = Ce i for i ∈ I. Namely V 1 ⊗ V 2 ≃ ⊕ i∈I V 1 ⊗ V 2,i , which can be viewed as a sub-space of i∈I V 1 ⊗ V 2,i . We will denote the projection form i∈I V 1 ⊗V 2,i to V 1 ⊗V 2,i by p i . Through ϕ ′ and
. Since π 1 is admissible, by virtue of Schur's lemma the map ϕ ′ i is given by
for some c i ∈ C. On the other hand i∈I ϕ ′ i : V 1 ⊗ e ′ 2 −→ i∈I V 1 ⊗V 2,i has to factor through V 1 ⊗ e ′ 2 −→ V 1 ⊗V 2 , so ϕ ′ i = 0 for all but a finite number of indices i. Therefore we can define a map ϕ e ′ 2 : Ce
In this way, for any non-trivial element v ′ 2 ∈ V ′ 2 we construct a map ϕ v ′ 2 : Cv ′ 2 −→ V 2 . For v ′ 2 = 0, we can simply let ϕ v ′ 2 = 0. Then these maps satisfy
So we can define a map ϕ from V ′ 2 to V 2 in the following way:
It is well-defined and C-linear satisfying ϕ ′ = 1 ⊗ ϕ, which forces ϕ to be G 2 -equivariant, i.e. ϕ ∈ Hom G 2 (V ′ 2 ,V 2 ).
SOME DEFINITIONS
In this section, we will introduce the main notion-the theta representation. For our purpose, we will assume all the irreducible smooth representations of the locally profinite groups G 1 , G 2 , G 1 × G 2 are admissible. According to [BZ, Page 20, Proposition] , every smooth irreducible representation of G 1 × G 2 has the unique form π 1 ⊗ π 2 for π i ∈ Irr(G i ), i = 1, 2.
Proposition 7.1. Let (π, S) be a smooth finitely generated representation of G
is a finitely generated smooth representation of G 2 .
Proof. (1) and (2) follow from Proposition 4.4 and Proposition 4.1 respectively. For (3) there is
. By hypothesis, π 1 ⊗ π ′ 2 is generated by a set {v
is an irreducible admissible representation of G 1 , applying Lemma 6.1 we know that π ′ 2 is generated by v Proof. By definition, there is a short exact sequence of H G 1 ×G 2 -modules:
By hypothesis, π 1 is admissible, which implies the result.
Proposition 7.3. Let (π, S) be a finitely generated smooth representation of G
Take an element 0 e 2 ∈ V 2 and denote the canonical projection V 2 −→ Ce 2 by p e 2 . Composing f with 1 ⊗ p e 2 gives a non-trivial map from V to V 1 , i.e. π 1 ∈ R G 1 (π).
(2) Suppose that (π 1 ,V 1 ) ∈ R G 1 (π). Thus the greatest π 1 -isotypic quotient S π ≃ π 1 ⊗ π ′ 2 is non-trivial, which implies that π ′ 2 is also non-trivial. By Proposition 7.1 (3), π ′ 2 is finitely generated and
Now we consider the general case. Let (π, S) be a smooth representation of G 1 × G 2 . The result in Proposition 7.3 (1) also holds. So there are two canonical projections
From now on, we will denote their images by R 0
Corollary 7.4. If (π, S) is a finitely generated smooth representation of the group G 1 × G 2 , then the above maps p 1 , p 2 both are surjective.
When p 1 (resp. p 2 ) is injective, there is a unique irreducible representation π
Definition 7.5. If p 1 (resp. p 2 ) is injective, the canonical map θ 1 : R 0
1 ) will be called the theta map. Namely (R G 1 ×G 2 (π), p i ) is the graph of the theta map θ i for i = 1, 2 respectively. Further, if π is also multiplicity-free, i.e.
we will call π a left(resp. right) theta representation of G 1 × G 2 . 
Proof. It suffices to verify that the multiplicity-free property holds for π. Let (π 1 ⊗ · · · ⊗ π 2n ,V 1 ⊗ · · · ⊗ V 2n ) ∈ R G 1 ×···×G 2n (π) and take 0 e i ∈ V i for some i ∈ {1, · · · 2n}. Let us fix one i 0 in {1, · · · , n}. By those elements e i , i i 0 and i n + i 0 , we can define a canonical projection p i 0 ,n+i 0 :
Let G 1 , G 2 , H be locally profinite groups. Suppose now that H is an abelian group. Let γ be an automorphism of H, and π a smooth representation of
Lemma 7.8. If π| G 1 ×G 2 is a theta representation, so is π.
Proof. The multiplicity-free property forπ also holds. Suppose now
As F 0 and γ is an isomorphism, we get χ 2 = χ γ −1 1 , where χ γ −1 1 (h) := χ 1 γ(h) , for h ∈ H. Write θ π for the theta map of π| G 1 ×G 2 . Then there is a bijection from R 0
1 , and the result is clear. Proof. This follows from the fact that each irreducible representation of G i H can be identified with an irreducible representation of G i × H trivially at ker(p i ).
Remark 7.9. If the above map
(G 1 × H) × (G 2 × H) −→ G 1 × G 2 × H factors through (G 1 × H) × (G 2 × H) −→ G 1 H × G 2 H,
THE CLIFFORD-MACKEY THEORY I
In this section, we study Clifford-Mackey theory in our case. We will let G be a locally profinite group, and let H be an open normal subgroup of G such that G/H is an abelian group. Suppose that all irreducible representations of G and H are admissible. 
, defined by h −→ g −1 hg, is bijective. It follows that the two normal subgroups I 0 G (σ 1 ) and I 0 G (σ 2 ) of G coincide. The similar proof works for (b). By observation, the σ -isotypical component σ(≃ mσ ) is an irreducible representation of H.
5) Applying the result (1) to H shows that Res
G H π is semi-simple. This will yield a decomposition
On the other hand, if σ ≃ σ g , a priori σ ≃ σ g so that g ∈ H. In this way we verify that the action of G/ H on R H (π) is simply transitive. 6) Let Λ = {g i } i∈I be a set of representatives for G/ H. Proposition 8.4. For (π 1 ,V 1 ), (π 2 ,V 2 ) ∈ Irr(G), we have:
Proof. 1) By symmetry, we only check one-side inclusion.
2) For simplicity, we identity (σ ,W ) as an irreducible constituent of (Res 
Proof. (1) is obvious and (2) follows from Theorem 8.1 (2). For (3) we take the subgroup H of G for the representation π 1 as defined in Theorem 8.1(4). Then Res Proof. We can take H m to be the group defined in Corollary 8.3; by part (2) there, H m /H 0 is an abelian group generated by m elements, so it is isomorphic to a direct sum of cyclic groups F 1 ⊕ F 2 ⊕ · · · ⊕ F m . By Lemma 8.6, we only need to let H i be the inverse image of F 1 ⊕ · · · ⊕ F i in G. Then those H i satisfy the desired conditions.
THE CLIFFORD-MACKEY THEORY II
In this section, we study Clifford-Mackey theory in another case. We will let G be a locally profinite group, and let H be a closed normal subgroup of G such that G/H is compact. Suppose that all smooth irreducible representations of G and H are admissible. We fix one (π,V ) ∈ Irr(G). By Proposition 4.2, the restriction Res G H π is finitely generated, having a set {e 1 , · · · , e n } of generators.
Lemma 9.1. R H (π) / 0, and m H (π, σ ) < ∞, for (σ ,W ) ∈ R H (π).
THE THETA REPRESENTATION I
In this section, let G 1 , G 2 be locally profinite groups with open normal subgroups H 1 and H 2 respectively such that G 1 /H 1 , G 2 /H 2 are ablian groups, and isomorphic. Suppose that R H i (π i ) / 0, for any π i ∈ Irr(G i ), and i = 1, 2. Let Γ be a normal subgroup of G 1 ×G 2 containing H 1 ×H 2 such that Γ/H 1 × H 2 is the graph of a group isomorphism γ : G 1 /H 1 −→ G 2 /H 2 . Let (ρ,V ) a smooth representation of Γ such that Res Γ H 1 ×H 2 ρ is a theta representation of H 1 × H 2 . Our main theorem of this section is the following:
Theorem 10.1. π = c-Ind
ρ is a theta representation of G 1 × G 2 .
Lemma 10.2. In above Theorem, if (π 1 ,V 1 ) ∈ Irr(G 1 ) and (π 2 ,V 2 ) ∈ Irr(G 2 ), such that π 1 ⊗ π 2 ∈ R G 1 ×G 2 (π), then:
(1) For any σ α ∈ R H 1 (π 1 ), there exists a unique element δ α ∈ R H 2 (π 2 ) such that σ α ⊗ δ α ∈ R H 1 ×H 2 (ρ).
(2) Let H 1 = g 1 ∈ G 1 | σ 
It turns out that ν(h) = 1. As the map γ : ( H 1 × H 2 ) ∩ Γ/H 1 × H 2 −→ H 2 /H 2 is surjective, it is clear that ν = 1, and δ ′ ≃ δ . But Theorem 8.1 (6) shows that π 2 ≃ c-Ind
So there is a nonzero Γ (σ ,δ ) -homomorphism f : V −→ V i+1 /V i , for some i ∈ {0, · · · , m − 1} such that Im( f ) ∩ V i = 0.
